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Exercise 1 (100 points).

Study the convergence of the following series:

a)
∑∞

n=1
n!

1992n ;

lim
n→∞

n!

1992n
= lim

n→∞

1 · 2 · ... · n
1992 · 1992 · ... · 1992

−→ ∞ term test
=⇒

∞∑
n=1

n!

1992n
−→ diverges

b)
∑∞

n=1
n2−1√

n4+2n2+5
;

lim
n→∞

n2 − 1√
n4 + 2n2 + 5

= lim
n→∞

n2 − 1

n2
√
1 + 2

n2 + 5
n4

−→ 1
term test
=⇒

∞∑
n=1

n2 − 1√
n4 + 2n2 + 5

−→ diverges

c)
∑∞

n=1

√
n+1−

√
n−1√

n+2
;

√
n+ 1−

√
n− 1√

n+ 2
=

(
√
n+ 1−

√
n− 1)√

n+ 2
· (
√
n+ 1 +

√
n− 1)

(
√
n+ 1 +

√
n− 1)

=
2√

n+ 2(
√
n+ 1 +

√
n− 1)

lim
n→∞

2√
n+2(

√
n+1+

√
n−1)

1
n

=
2n

n
√
1 + 2

n

(√
1 + 1

n +
√

1− 1
n

) = 1

∞∑
n=1

1

n

1≤1−→ diverges
LCT
=⇒

∞∑
n=1

√
n+ 1−

√
n− 1√

n+ 2
−→ diverges

d)
∑∞

n=2
sinn+2
4√2n5−2

;

sinn+ 2
4
√
2n5 − 2

≤ 3
4
√
2n5 − 2

, and lim
n→∞

3
4√2n5−2

3
4√2n

5
4

= 1

∞∑
n=1

3
4
√
2

1

n
5
4

5
4
>1

−→ converges
LCT
=⇒

∞∑
n=2

3
4
√
2n5 − 2

−→ converges
DCT
=⇒

∞∑
n=2

sinn+ 2
4
√
2n5 − 2

−→ converges
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e)
∑∞

n=1

(
2n3−1
2n3−n

)−n
;

lim
n→∞

(
2n3 − 1

2n3 − n

)−n

= lim
n→∞

(
1− n− 1

2n3 − n

)−n· n−1

2n3−n
· 2n

3−n
n−1

= lim
n→∞

e
n2−n

2n3−n = 1

∴ by term test
∞∑
n=1

(
2n3 − 1

2n3 − n

)−n

−→ diverges

f)
∑∞

n=1 cos
2021

n+2022 ;

lim
n→∞

cos
2021

n+ 2022
= cos 0 = 1

term test
=⇒

∞∑
n=1

cos
2021

n+ 2022
−→ diverges

g)
∑∞

n=1
5+sin 1

n
2n−n ;

5 + sin 1
n

2n − n
≤ 6

2n − n
and lim

n→∞

6
2n−n

6
2n

=
2n

2n − n
=

1

1− n
2n

= 1

∞∑
n=1

6

(
1

2

)n | 12 |<1
−→ converges

LCT
=⇒

∞∑
n=1

6

2n − n
−→ converges

DCT
=⇒

∞∑
n=1

5 + sin 1
n

2n − n
−→ converges

h)
∑∞

n=1
5n+4n5

6n+n6 ;

lim
n→∞

n

√
5n + 4n5

6n + n6
= lim

n→∞

5 n

√
1 + 4n5

5n

6 n

√
1 + n6

6n

=
5

6

root test
=⇒

∞∑
n=1

5n + 4n5

6n + n6
−→ converges

i)
∑∞

n=1

(
5n+3
2+5n

)n2

;

lim
n→∞

n

√(
5n+ 3

2 + 5n

)n2

= lim
n→∞

(
5n+ 2 + 1

2 + 5n

)n

= lim
n→∞

(
1 +

1

2 + 5n

)n· 2+5n
2+5n

lim
n→∞

e
n

2+5n = e
1
5 > 1

root test
=⇒

∞∑
n=1

(
5n+ 3

2 + 5n

)n2

−→ diverges

j)
∑∞

n=1

(
2n3−1
2n3+2

)n4

;

lim
n→∞

n

√(
2n3 − 1

2n3 + 2

)n4

= lim
n→∞

(
1− 3

2n3 + 2

)− 2n3+2
3

·n3·− 3
2n3+2

= lim
n→∞

e
− 3n3

2n3+2 =
1

e
3
2

< 1

∴ by root test

∞∑
n=1

(
2n3 − 1

2n3 + 2

)n4

−→ converges
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k)
∑∞

n=1
1

n10

(
6
5

)n
;

lim
n→∞

n

√
1

n10

(
6

5

)n

= lim
n→∞

6

5

(
1
n
√
n

)10

=
6

5

root test
=⇒

∞∑
n=1

1

n10

(
6

5

)n

−→ diverges

l)
∑∞

n=1
(−1)n

ln2 n+10
;

lim
n→∞

1

ln2 n+ 10
= 0 and lnn ↑ =⇒ ln2 n+ 10 ↑ =⇒ 1

ln2 n+ 10
↓

∴
∞∑
n=1

(−1)n

ln2 n+ 10
−→ converges

m)
∑∞

n=1
(2n+1)!!
(3)nn! ;

an =
(2n+ 1)!!

(3)nn!
an+1 =

(2(n+ 1) + 1)!!

(3)(n+ 1)(n+ 1)!

lim
n→∞

an+1

an
=

�1·�3·...·���(2n+1)·(2n+3)

3��(3)n·(�1·�2·...·�n·(n+1))

�1·�3·...·���(2n+1)

��(3)n·(�1·�2·...·�n)

= lim
n→∞

2n+ 3

3(n+ 1)
=

2

3

ratio test
=⇒

∞∑
n=1

(2n+ 1)!!

(3)nn!
−→ converges

n)
∑∞

n=1
sinπn
3√4n+1

;

sinπn = 0, ∀n ∈ N =⇒
∞∑
n=1

sinπn
3
√
4n+ 1

= 0

o)
∑∞

n=5
1·4·7·...·(3n−2)
2·6·10·...·(4n−2) ;

lim
n→∞

�1·�4·�7·...·���(3n−2)·(3n+1)

�2·�6·��10·...·���(4n−2)·(4n+2)

�1·�4·�7·...·���(3n−2)

�2·�6·��10·...·���(4n−2)

= lim
n→∞

3n+ 1

4n+ 2
=

3

4

ratio test
=⇒

∞∑
n=5

1 · 4 · 7 · ... · (3n− 2)

2 · 6 · 10 · ... · (4n− 2)
−→ converges

p)
∑∞

n=1

(
1√

4n−2
− 1√

4n+2

)
;

1√
4n− 2

− 1√
4n+ 2

=

√
4n+ 2−

√
4n− 2√

4n− 2
√
4n+ 2

=
4√

4n− 2
√
4n+ 2(

√
4n+ 2 +

√
4n− 2)

lim
n→∞

4√
4n−2

√
4n+2(

√
4n+2+

√
4n−2)

1

4n
3
2

=
16n

3
2

√
4n− 2

√
4n+ 2(

√
4n+ 2 +

√
4n− 2)

= 1

∞∑
1

1

16n
3
2

3
2
>1

−→ converges
LCT
=⇒

∞∑
n=1

(
1√

4n− 2
− 1√

4n+ 2

)
−→ converges

q)
∑∞

n=2

cos 2√
n
sin 3

n√
2n

;

lim
n→∞

cos 2√
n
sin 3

n√
2n
3

√
2n

3
2

= lim
n→∞

cos 2√
n
· sin 3

n

3
n

= 1

∞∑
n=2

3
√
2n

3
2

3
2
>1

−→ converges
LCT
=⇒

∞∑
n=2

cos 2√
n
sin 3

n√
2n

−→ converges
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r)
∑∞

n=1 sin
4
√
2n2−1
n2+1

;

lim
n→∞

sin4
√
2n2−1
n2+1
4
n4

= lim
n→∞


sin

n
√

2− 1
n2

n2
(
1+ 1

n2

)
√
2
n


4

= 1

∞∑
n=1

4

n4

4>1−→ converges
LCT
=⇒

∞∑
n=1

sin4
√
2n2 − 1

n2 + 1
−→ converges

s)
∑∞

n=5
1

n lnn(ln lnn)3
;

n ≥ 5 =⇒ 1

n lnn(ln lnn)3
≥ 0 and n ↑, lnn ↑ =⇒ 1

n lnn(ln lnn)3
↓

∫ ∞

5

1

x lnx(ln lnx)3
dx

u=lnx
=

∫ ∞

ln(5)

1

u(lnu)3
du

v=lnu
=

∫ ∞

ln(ln(5))

1

v3
dv

∫ ∞

1

1

v3
dv

3>1−→ converges
integral test

=⇒
∞∑
n=5

1

n lnn(ln lnn)3
−→ converges

t)
∑∞

n=3
1

n(lnn)1.5
.

n ≥ 3 =⇒ 1

n(lnn)1.5
≥ 0 and n ↑, lnn ↑ =⇒ 1

n(lnn)1.5
↓

∫ ∞

3

1

x(lnx)1.5
dx

u=lnx
=

∫ ∞

ln 3

1

u
3
2

dx
3
2
>1

−→ converges
integral test

=⇒
∞∑
n=3

1

n(lnn)1.5
−→ converges
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