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Exercise 1 (20 points)

Prove the following inequalities

a) e

*>x+1, forzeR

Take the function f(z) =e* —z -1,z €R, f(0)=e’ —2—-1=0

flx)=¢"—1, takee® —1=0 = =0, f"(z) =€, f'(0) >0

x = 0 is the minimum point of f(x) where f(z) =0 = e* -2z —-1>0
e >r+1l,zeR

fol(e‘/"’E —1)2%dx > %

From point a) we have e > u+1,u € R

Since z > 0, we can substitute u = /z = eﬁ>\f—i—1 - e‘[—1>\f
Square both sides:(eV®

—1)2 >z
1 1
Using the property of definite integrals: / (eV® —1)%dz > / xdr = =
0 0
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/ (eV® — 1)2dx > =
0 2
T sin?ax r
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()S:cﬁ% 0<smx<$:>0<sma:<§
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0<z<— — osr <1 — cosx >0 — cos’(2z) >0
<esi— & > (22) 2
4+cos®(22) >4 = /4 +cosP(2x) > V4 =2
.. 9 1 .. 9
0< sin” x §2:>0§ sin”® x <1
V4 +cos®2x ~ 2 V4 + cos® 2z
sin? z T T
Using the property of definite integrals: / 0dx < / / — = —
g the property & 0 \/m T4 4 16
.'.0§/4 sin? T
0

< =
V4 +cos?2x T~ 16
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5 2arctanxd

f r < 4w
1 1+4In%z

T

arctanx < 5 — 2arctanx <7

2 arct
lnzxZO = 1—|—ln2x21 = La;x_
1+ In“zx

5 5
2 arct
Using the property of definite integrals:/ La;xdx < / mde=(5—1)-m=4dn
1 1+In“z 1

5
2arct
_ / arc a;xdx§47r
1 1+In“z

Exercise 2 (30 points).
Expressing integrals in terms of areas of some regions find the average value fq,4 of the function f(z) on
[a,b] and all points ¢ € [a, b] such that f(c) = faug, Where

a) f(z)=2|z—1| and [a,b] = [-1, 3]
1 3

:i</1 2(1—az)dx+/32(a:—1)dx> :;</11(1—x)da:+/13(m—1)da:>

favg = b

1/2-2 2.2
Evaluate areas of two rectangles: f,,y = 3 (2 + 2) =2

Take ¢ € [a,b] such that f(c) = fog =2 = 2/c—1]=2 = |c—1| =1

c—1=1 c=2
— e
c—1=-1 c=0

b) f(z) = 2%sinz and [a,b] = [-1,1]
2?2 = (—z)? and sin(z) = —sin(—z) = f(—x) = (—z)?sin(-2) = —z?sin(z) = — f(x)

— Jfea) =) = f@) = ~f(-
0 0 0
o= [ ~ptayia = [ oyt = / fu

- [ = /f
/abf(x)da::/_Olf(w)der/Olf(x)d:c:—/0 f(x)dx+/01f(x)dg;:

S = [z =20 =0
S favg =54 | z)de = 5-0 =

Take ¢ € [a,b] such that f(c) = fay =0 = *sinc=0 = c=0



¢) f(z) =+v9— 22 and [a,b] = [-3,0]
y=vV9-—122 = 22 +¢y*=3%y>0,2¢c[-3,0]

2
. i ) ) mr 97
We have a quarter circle with radius 3 centered at the point (0,0) = Area = —

4
19 3T
favg— 7-Area:§ Y
Take ¢ € [a, b] such that f(c):favg:?% — 9—02:% = 02:9—%

9
— 2= E(16 —7) = c= —%\/16 — 7, since ¢ € [—3,0]

Exercise 3 (50 points).

Calculate.
a) f(1), f'(x), f'(4), f'(3x), (f(3x))', if f(x) = [} /t(3t +4)dt,z > 1
1) = /1 Vi3t +4)dt =0
1

(= / 3t + A)dt "2° 23z + 4)

'4>=sz%’=4
f’ :€/3$3'3$+4=\3/3x(9x+4)

d
(f(3z)) = - \/ t(3t+4) dt - /32(3 -3z +4) = 3/3x(9x + 4)
b) A [ 23 (t—Int)dt

d 42 d 422
— 23 (t—Int)dt = — [ 23 / (t —Int)dt | , use product rule
dx J3542 dx 3z+2

d 3 422 3 d 422
= L. t—Int - 1
< (a9) /3 (t— Int)dt + o dx/3 (t— Int)dt

T+2 x+2

4x
FIC 342 / (t —Int)dt + 23 - ((4:U2 - ln(4x2)) - (42%) —
3

(3242 —In(3z +2) - (3z +2)’)
xr+2

4z
=322 / (t — Int)dt + 2° (8z(42? — 2In(2z)) — 3(3z + 2 — In(3z + 2)))
3z+2

4z
= 327 / (t —Int)dt +2° (322° — 16 In(2z) — 9z — 6 + 31n(3z + 2))
342

4x
= 322 / (t —Int)dt + 3225 — 92 — 623 — 1623 In(22) + 323 In(3z + 2)
3x+42



o) ([ ViTetar)

sin x

142

Vit + etdt> . % Vit + etdt

1422

dx sinz sinz sinx

d 1422
—1In Vt+etdt | =1n’

Frc V1422 +elte® . (14 22) — Vsinw + esn7 - (sinz)’
- [ Y et

sin x
2 V1422 + elt?? — coszv/sing + esinz
[ T et

sinz

f?};x tan(l + 5t3)dt> ’

d Inx 3 3 Inx 5 2 d Inx 5
. (/395 tan (1 + 5t )dt> :3</3x tan (1 + 5t )dt) ~dm/3x tan (1 + 5¢°)dt

FIC3 (/lnxtan(l + 5t3)dt> - (tan(1 + 5(Inx)?) - (Inz)’ — tan(1 + 5(32)%) - (32)')
3

T

Inz 2 1 1 3
=3 (/ tan(1+5t3)dt> : (tan( +5In’) —3tan(1+135x3))
3

Q) & (

- x
e) Let f(z) = [; ¥/cos3(t?) — 4dt, for x € R. Show that f decreases on R.
x
Fla)=-2L / $/cosP(12) — ddt "X ¥/cos3(22) — 4
dx 0

—1<cosz<]l = —-1< cos3(1‘2) <1l = —-5< cos3(;v2) —4< -3

= V-5 < Jcos3(22) —4 < V/-3 = {cos3(22) —4<0x R

f'(z) <0,z € R = f decreases on R
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