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Exercise 1 (50 points).

Evaluate

a)
∫ 4
−4(x

3 + 3 sin 4x) cos
(
x3
)
dx,

Let f(x) = (x3 + 3 sin 4x) cos
(
x3
)

f(−x) = ((−x)3 + 3 sin(4(−x))) cos
(
(−x)3

)
= (−x3 + (−3 sin(4x))) cos

(
−x3

)
= −(x3 + 3 sin(4x) cos

(
x3
)
= −f(x) =⇒ The function is odd

∴
∫ 4

−4
(x3 + sin 4x) cos

(
x3
)
dx = 0

b)
∫ e2

e−2
lnx

x 3
√

3+(lnx)2
dx,

∫ e2

e−2

lnx

x 3
√
3 + (lnx)2

dx =

∫ e2

e−2

lnx
3
√
3 + (lnx)2

d(lnx)
u=lnx
=

∫ 2

−2

u
3
√
3 + u2

du

Let f(u) =
u

3
√
3 + u2

f(−u) =
−u

3
√
3 + (−u)2

= − u
3
√
3 + u2

= −f(u) =⇒ The function is odd

∴
∫ e2

e−2

lnx

x 3
√
3 + (lnx)2

dx = 0

c)
∫ π

2
−π x|sinx|dx,

|sinx| =

{
− sinx,−π ≤ x ≤ 0

sinx, 0 ≤ x ≤ π
2

=⇒ x|sinx| =

{
−x sinx,−π ≤ x ≤ 0

x sinx, 0 ≤ x ≤ π
2∫ π

2

−π
x|sinx|dx =

∫ 0

−π
−x sinxdx+

∫ π
2

0
x sinxdx

=

∫ π
2

0
xd(− cosx)−

∫ 0

−π
xd(− cosx)
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IbP
= [−x cosx]

π
2
0 −

∫ π
2

0
(x)′(− cosx)dx− [−x cosx]0−π +

∫ 0

−π
(x)′(− cosx)dx

FTC
= [−x cosx+ sinx]

π
2
0 +[x cosx− sinx]0−π =

((
−π

2
cos

π

2
+ sin

π

2

)
− 0
)
+(0− (−π cos(−π)− sin(−π)))

= 0((0 + 1)− 0) + (0− (π − 0)) = 1− π

∴
∫ π

2

−π
x|sinx|dx = 1− π

d)
∫ 11π−3
−3

cos(4x) sin3(2x)√
3−sin2 x

dx,

Let f(x) =
cos(4x) sin3(2x)√

3− sin2 x
, f(x+ π) =

cos(4(x+ π)) sin3(2(x+ π))√
3− sin2(x+ π)

=
cos(4x+ 4π) sin3(2x+ 2π)√

3− 1−cos(2x+2π)
2

=
cos(4x) sin3(2x)√

3− 1−cos(2x)
2

=
cos(4x) sin3(2x)√

3− sin2 x
= f(x) =⇒ f has a period of π

∫ 11π−3

−3

cos(4x) sin3(2x)√
3− sin2 x

dx
T=π
= 11

∫ π

0

cos(4x) sin3(2x)√
3− sin2 x

dx
T=π
= 11

∫ π
2

−π
2

cos(4x) sin3(2x)√
3− sin2 x

dx

f(−x) =
cos(4(−x)) sin3(2(−x))√

3− sin2(−x)
=

cos(4x)(− sin3(2x))√
3− sin2 x

= −f(x) =⇒ f is odd

∴
∫ 11π−3

−3

cos(4x) sin3(2x)√
3− sin2 x

dx = 0

e)
∫ 3
−3 x

√
10− 2xdx,

∫ 3

−3
x
√
10− 2xdx =

√
2

∫ 3

−3
x(5− x)

1
2dx =

√
2

∫ 3

−3
xd

(
−(5− x)

3
2

3
2

)
= −2

√
2

3

∫ 3

−3
xd
(
(5− x)

3
2

)
IbP
= −2

√
2

3

([
x(5− x)

3
2

]3
−3

−
∫ 3

−3
(x)′(5− x)

3
2dx

)
= −2

√
2

3

([
x(5− x)

3
2

]3
−3

−
∫ 3

−3
(5− x)

3
2dx

)
FTC
= −2

√
2

3

[x(5− x)
3
2 +

(5− x)
5
2

5
2

]3
−3

 = −2
√
2

3

((
3 · 2

3
2 +

2
5
2

5
2

)
−

(
−3 · 8

3
2 +

8
5
2

5
2

))

= −2
√
2

3

((
6
√
2 +

8
√
2

5

)
−

(
−48

√
2 +

256
√
2

5

))
= −2

√
2

3
· 22
5

√
2 = −88

15

∴
∫ 3

−3
x
√
10− 2xdx = −88

15
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f)
∫ 6
0

∣∣x2 − 5x+ 6
∣∣dx.
x2 − 5x+ 6 = (x− 2)(x− 3) =⇒

{
x2 − 5x+ 6 ≥ 0, x ≤ 2 or x ≥ 3

x2 − 5x+ 6 < 0, 2 < x < 3

∣∣x2 − 5x+ 6
∣∣ =


x2 − 5x+ 6, x ∈ [0, 2]

−(x2 − 5x+ 6), x ∈ (2, 3)

x2 − 5x+ 6, x ∈ [3, 6]∫ 6

0

∣∣x2 − 5x+ 6
∣∣dx =

∫ 2

0
x2 − 5x+ 6dx−

∫ 3

2
x2 − 5x+ 6dx+

∫ 6

3
x2 − 5x+ 6dx

FTC
=

[
x3

3
− 5x2

2
+ 6x

]2
0

−
[
x3

3
− 5x2

2
+ 6x

]3
2

+

[
x3

3
− 5x2

2
+ 6x

]6
3

=

(
23

3
− 5 · 22

2
+ 6 · 2

)
−
(
03

3
− 5 · 02

2
+ 6 · 0

)
−
(
33

3
− 5 · 32

2
+ 6 · 3

)
+

(
23

3
− 5 · 22

2
+ 6 · 2

)
+

(
63

3
− 5 · 62

2
+ 6 · 6

)
−
(
33

3
− 5 · 32

2
+ 6 · 3

)
=

14

3
− 0− 9

2
+

14

3
+ 18− 9

2
=

55

3

∴
∫ 6

0

∣∣x2 − 5x+ 6
∣∣dx =

55

3

Exercise 2 (50 points).

Sketch the region bounded by given curves and find its area:

a) y = (x− 2) lnx and y = 0

(x− 2) lnx = 0 =⇒ x = 1 and x = 2 =⇒ (x− 2) lnx ≤ 0, x ∈ [1, 2]
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Area =

∫ 2

1
0− (x− 2) lnxdx =

∫ 2

1
2 lnxdx−

∫ 2

1
lnxd

(
x2

2

)
IbP
= [2x lnx− 2x]21 −

[
x2

2
lnx− x2

4

]2
1

= ((2 · 2 ln 2− 2 · 2)− (2 · 1 ln 1− 2 · 1))−
((

22

2
ln 2− 22

4

)
−
(
12

2
ln 1− 12

4

))
= 4 ln 2−2−2 ln 2+

3

4

∴ Area = 2 ln 2− 5

4

b) y = 8
x , y =

√
x, y = 0 and x = 6

Take
8

x
=

√
x =⇒ x

3
2 = 8 =⇒ x = 4 =⇒ they intercept at (4, 2)

1 2 3 4 5 6 7

2

4

6

x

y
y = 8

x

y =
√
x

x = 6
y = 0

Area =

∫ 4

0

√
xdx+

∫ 6

4

8

x
dx

FTC
=

[
x

3
2

3
2

]4
0

+ 8 [lnx]64 =
2

3
8 + 8 ln 6− 8 ln 4 =

16

3
+ ln 3 + ln 2− 2 ln 2

∴ Area =
16

3
+ ln 3− ln 2

c) y = x7ex
4
, y = 0, x = 1

07e0
4
= 0, 17e1

4
= e and x ≥ 0 =⇒ x7ex

4 ≥ 0
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Area =

∫ 1

0
x7ex

4
dx =

∫ 1

0
x3 · x4 · ex4

dx =

∫ 1

0
x4ex

4
d

(
x4

4

)
=

1

4

∫ 1

0
x4ex

4
d(x4)

u=x4

=
1

4

∫ 1

0
ueudu =

1

4

∫ 1

0
udeu

IbP
=

1

4

(
[ueu]10 −

∫ 1

0
eudu

)
FTC
=

1

4
[ueu − eu]10

=
1

4

(
1e1 − e1 − 0e0 + e0

)
=

1

4

∴ Area =
1

4

d) y = 2x(e− ex), y = x2 − 2x and x ≤ 1

2x(e− ex) = x2 − 2x =⇒ x = 0
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Area =

∫ 1

0

(
2x(e− ex)− (x2 − 2x)

)
dx =

∫ 1

0
2xedx−

∫ 1

0
2xexdx−

∫ 1

0
x2dx+

∫ 1

0
2xdx

FTC
=

[
2ex2

2
− x3

3
+

2x2

2

]1
0

− 2

∫ 1

0
xdex

IbP
=

[
ex2 − x3

3
+ x2 − 2xex

]1
0

+ 2

∫ 1

0
exdx

FTC
=

[
ex2 − x3

3
+ x2 − 2xex + 2ex

]1
0

=

(
e12 − 13

3
+ 12 − 2 · 1e1 + 2e1

)
− (2e0) = e− 4

3

∴ Area = e− 4

3

e) x = 3y2 and x = 16− y2

3y2 = 16− y2 =⇒ 4y2 = 16 =⇒ y = ±2

x = 3 · 02 = 0, x = 16− 02 = 16 =⇒ 3y2 ≤ 16− y2, y ∈ [−2, 2]
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2 4 6 8 10 12 14 16 18 20

−4

−2

2

4

x

y
x = 3y2

x = 16− y2

Area =

∫ 2

−2
16− y2 − 3y2dy =

∫ 2

−2
16− 4y2dy

FTC
=

[
16y − 4

y3

3

]2
−2

=

(
16 · 2− 4

23

3

)
−
(
16 · (−2)− 4

(−2)3

3

)
=

128

3

∴ Area =
128

3

f) y = 4x3 and x = 2y2

y = 4x3 and x = 2y2 =⇒ y = 25y6 =⇒ y = 0, y =
1

2
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∵ x = 2y2 and y ≥ 0 =⇒ y =

√
x

2

Area =

∫ 1
2

0

√
x

2
− 4x3dx =

∫ 1
2

0

1√
2

√
x− 4x3dx =

FTC
=

[
1√
2

x
3
2

3
2

− 4
x4

4

] 1
2

0

=
2 · 1

2

3
2

3
√
2

−
(
1

2

)4

∴ Area =
5

48

g) x = 3(y − |y|) and x = |y − 4|+ y − 6

x = 3(y − |y|) =⇒

{
x = 0, y ≥ 0

x = 6y, y ≤ 0
and x = |y − 4|+ y − 6 =⇒

{
x = 2y − 10, y ≥ 4

x = −2, y ≤ 4

0 = 2y − 10 =⇒ y = 5 and − 2 = 6y =⇒ y = −1

3

−3 −2 −1 1 2 3

−1

1

2

3

4

5

6

x

y
x = 3(y − |y|)

x = |y − 4|+ y − 6

Area = Areas of rectangle and two triangles = 2 · 4 + 1 · 2
2

+ +
1
3 · 2
2

∴ Area =
28

3
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