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Exercise 1 (20 points).

Find the length of the curve:

a) y = ln sinx, π3 ≤ x ≤ 2π
3
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∫ 2π
3

π
3

√
1 +

(
1

sinx
cosx

)2

dx =
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√
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=
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b) y =
∫ x
0

√
cos 2tdt, 0 ≤ x ≤ π

4

L =

∫ π
4
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√
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(
d

dx
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√
cos 2tdt

)2

dx
FTC
=
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√
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=
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√
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=
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Exercise 2 (40 points).

Find the area of the surface obtained by rotating the curve about the x-axis
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a) y = e−x, 0 ≤ x ≤ 1

Area =

∫ 1

0
2πe−x

√
1 + e−2xdx = 2π

∫ 1

0

1

ex

√
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1

e2x
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1
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√
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1

√
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y
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√
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The magic −→ I =:

∫
1

cos3 x
dx =

∫
1
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d(tanx) =

IbP
=
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−
∫

tanx
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=
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−
∫
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2
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∣∣∣∣
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1
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+
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4
ln
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∣∣∣∣+ c

b) y = sinπx, 0 ≤ x ≤ 1

Area =

∫ 1

0
2π sin(πx)

√
1 + (π cos(πx))2dx

u=πx
= 2π

1

π

∫ π

0
sinu

√
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= −2

∫ π

0

√
1 + π2 cos2 ud cosu
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= −2

∫ −1

1

√
1 + π2v2dv
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= 4π
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0

√
1
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π
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∣∣∣∣]arctanπ
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(
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4
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c) x = 1 + 2y2, 1 ≤ y ≤ 2

Take the inverse function y =
1

2

√
x− 1, x ∈ [3, 9]

Area =

∫ 9

3
2π

1

2

√
x− 1

√
1 +

(
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4
√
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)2

dx = π
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3

√
x− 1

√
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4
√
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√
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√
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d) y =
√
36− x2,−6 ≤ x ≤ 6

Area =

∫ 6
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2π
√
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√
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(
−x√
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√
36√
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−6
6dx = 2π · 72 = 144π
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Exercise 3 (20 points).

Find dy
dx and d2y

dx2 for the following parametric equations:

a) x = et sin t, y = 2t3 ln t

dy

dx
=

dy
dt
dy
dx

=
6t2 ln t+ 2t2

et sin t+ et cos t
=

2t2(3 ln t+ 1)

et(sinx+ cosx)

d2y

dx2
=

d dy
dx

dx
=

d dy
dx
dt
dx
dt

=

et(sin t+cos t)(12t ln t+2t)+2t2(3 ln t+1)(et(sin t+cos t)+et(cos t−sin t))
(et(sin t+cos t))2

et(sin t+ cos t)

=
et(sin t+ cos t) (12t ln t+ 2t) + 2t2(3 ln t+ 1)

(
2et cos t

)
(et(sin t+ cos t))3

b) x = 1
t+1 , y = t2

t−1

dy

dx
=

dy
dt
dx
dt

=

2t
t−1 − t2

(t−1)2

− 1
(t+1)2

= −(t+ 1)2
(

2t

t− 1
− t2

(t− 1)2

)

d2y

dx2
=

−2(t+ 1)
(

t2−2t
(t−1)2

)
− (t+ 1)2 (t−1)2(2t−2)−2(t+1)(t2−2t)

(t−1)4

− 1
(t+1)2

= 2(t+ 1)3
(

t2 − 2t

(t− 1)2

)
+ (t+ 1)4

(t− 1)2(2t− 2)− 2(t+ 1)(t2 − 2t)

(t− 1)4

Exercise 4 (20 points).

Find the equation of the tangent line to the following curves:

a) x = 1 + 3 sin t, y = 2− 5 cos t at t = π
6

dy

dx
=

5 sin t

3 cos t
=

5

3
tan t =⇒ dy

dx

∣∣∣∣
t=π

6

=
5
√
3

9

Take t0 =
π

6
=⇒ x0 =

5

2
, y0 =

4− 5
√
3

2
=⇒ y =

5
√
3

9

(
x− 5

2

)
+

4− 5
√
3

2
=

5
√
3

9
x+

18− 35
√
3

9

b) x = (t− 1)3 ln t+ e2t−2, y = sin2(πt) + 5 ln(2t− 1) at t = 1

dy

dx
=

2 sin(πt) cos(πt)π + 10
2t−1

3(t− 1)2 ln t+ (t−1)3

t + 2e2t−2
=⇒ dy

dx

∣∣∣∣
t=1

= 5

Take t0 = 1 =⇒ x0 = 1, y0 = 0 =⇒ y = 5x− 5
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