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Exercise 1 (40 points).

Find the length of the following parametric curves:
a) cardioid: = a(2cost — cos2t), y = a(2sint —sin2t), ¢t € [0,27] and a is a fixed positive number.
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b) x= (4t +8)2, y=2t+12 ¢t €[0,2].
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d) z=etcos(t), y=e tsin(t), t € [0,1].
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Exercise 2 (40 points).

Find the area enclosed by the following curves:

a) x =3t —t%, y = €' and the y-axis.
=0 = 3t—-t’=0 = t(3—-1t)=2 = { -
y = e >0and z =3t —t2>0,t € [0, 3]
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0 0 0 0
O (3¢ - 2)ef]? / (38— 20)tdt = [(3t — 12)e']’ / (3 — 20)d(e)
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2P (3t — #2)et — (3 - 20)e!]] + / 3(—2)etdt = (Bt — )¢t — (3 - 2t)e’ — 2]
0

= (3¢ — 2¢®) — (=3e" —2¢%) =¥+ 5
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b) x = 2t\/t +4, y = t> + 3t and the z-axis.
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d) cardoid: z = a(2cost — cos2t), y = a(2sint —sin 2t), t € [0, 27].
As cardoid is symmetric on the z-axis, we can find the area from ¢ = 0 to ¢ = 7 and multiply by 2.
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t=20

= y(t) > 0,t € [0, ]
t=m

y=0 = 2a(sint —sintcost) =0 = sint(l —cost) =0 = {
Area = —2/ y(t)dz(t) = —2/ a(2sint — sin 2t)a(2sin 2t — 2sint)dt
0 0

vy
= —2a° / 4sintsin2t — 4sin’t — 2sin’ 2t + 2 sin 2t sin tdt
0

iy s i
= 24 <12/ sin® t cos tdt — 2/ 1 — cos 2tdt — / 1 — cos 4tdt>
0 0 0

sin(4t) T

= —24? [4 sin® ¢ + + sin(2t) — St]
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in(4 in(4-0
= —2a? (<4Sin37r+ Smiﬂ) + sin(27) — 377) - <4sin30+ sm(4) +sin(2-0) — 3 - 0>> = 67a’

Exercise 3 (20 points).

Sketch the polar curve (please note that in case the limits of the variable ¢ are not specified, you need to
identify all that values of ¢ such that r = r(¢) > 0):
a) r=mp— ¢’

r:ﬂgo—<p2—>7r<p—g02:0 = p(r—¢)=0 = {

rt,eoe0,5]
rl,pe %,

r(p) =720 = {




b) r =sindp + 1

—1<sindp <1 = r >0,sindyp is g periodic = also 27 periodic = ¢ € [0, 27]

o€ [0,Z], 34’ s
Take period T (for sketching), r'(p) = 4cosdp =—> rTe [W %l [ 8 2]
2 r \lfv ¥ € [g’ ?]
r(0)=r (%) =r (g) =1,r (%) =2r <3§T> = 0, repeat for all four quadrants (+g>




