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Problem 1 (20 points).

Find a parametric representation for the surface.

a) The plane through the point (1,2, 3) that contains the vectors 1 —j and j — k.

1 1 0
r= (2| +s|-1|+t|1],s,teR
3 0 -1

b) The part of the hyperboloid 422 — 4y? — 2% = 4 that lies in the semispace given by z > 0.

1+s2+8
r= s ,s,t € R

t
c¢) The part of the sphere 22 + y? + 22 = 4 that lies above the cone z = /2 + 32
2+t ra? iyt <4 = 2+t <2

V25 cos(t)
r= |v2ssin(t)|,s €0,1],t € [0, 2]
V4 — 252

d) The part of the cylinder y? + 22 = 16 that lies between the planes = 0 and x = 5.
s

r= |4cos(t)|,s €[0,5],t € [0,2n]
4 sin(t)

Problem 2 (20 points).

Find an equation of the tangent plane to the given parametric surface at the specified point P.



a) r=u-+v,y=3u? z=u—v, where P = (2,3,0).
u=v=1,r, ={1,6u,1} = {1,6,1},r, = {1,0,—1},r), X v\, = {-6,2, -6}

2 1 1
Ttangent = |3| +s (6| +1 | 0 | ,s,t€Rorb6x—2y+62=6
0 1 -1

b) r(u,v) = {ucos(v),usin(v),v}, where P is the point corresponding to u =1, v = .
r), = {cos(v),sin(v),0} = {-1,0,0},r, = {—usin(v),ucos(v),1} = {0,—1,1}6,r], x r/, = {0,1,1}
—1 -1 0

Ttangent = 0 +s5(0 +t]—1 ,S,tEROI'y+Z:7T
T 0 1

Problem 3 (30 points).

Find the area of the surface.

a) The part of the plane 3z + 2y + z = 6 that lies in the first octant.

z2=6—3z—2y,x €10,2],y € [0, 3]

2 r3-3z 2
3
S:// ’ \/1+9+4dydx:\/14/ 3 Swds =3V
0 0 0

b) The part of the plane  + 2y + 3z = 1 that lies inside the cylinder 22 + y? = 3.

1 1 2
Z:,_, —fy

2m
S = / / \/14— + TdT‘d(p—Tr\/>

2
c¢) The surface z = g(az?’/z +9%2),0<z<1,0<y<1.

1 1 9 1 4
Sz/ / Vitz+ydyde = 3/ 2+2)3? - (1+2)32de = 5(9\/578\/§+ 1)
o Jo 0
d) The part of the surface z = xy that lies within the cylinder 22 + y? = 1.

2m 2m
S = / /\/l—l-rrdrdgp / /fu—l dudy = 87 \[+1

e) The part of the surface y = 42 + 22 that lies between the planes x =0, 2z =1, 2 =0, and z = 1.

* 17 1 357
S = / / V1416 +422dzdx = r(arcsmh( >—|—

4 4

2=/ 4 sinhe 17,/17 17V/17 17 17
*/\/ 17+ 422dz = \Qf/costhpdcp = arcsinh T + 7 1+ —z2




1
f) The surface with parametric equations z = u?, y = uv, z = 51)2, 0<u<1,0<v<2.

1 2 1 2
S = / / I{2u, v,0} x {0,u,v}| dvdu = / / \/U4 + 4u2v? 4+ 4ut dv du
0o Jo 0o Jo

1 p2 1
8 12
Z//02+2u2dvdu:/ 4 dultdu=""=4
o Jo ) 3

Problem 4 (10 points).

Find the surface area of the solid, which is the intersection of cylinders 42> 4+ 22 = 1 and 2% + 2% = 1.
We have four equal parts. Find are of one of the surfaces and multiply by 4. The parametrization is

trivial: o o
r={x,y,z}, st. x =cosf,y = cosftanp,z =sinfb,p € [_Z’ Z} ,0 € { ]

22
0 —sind cos? fsec? o
rfp: cosfsec? p| ,rp) = | —sinftang ,rZOXrg: 0
0 cosf — sin @ cos O sec? ¢
bl

/4 sec2gpcost9d<,0d0:/2 2cos0df =4 = Siota = 16

So.25 = /

Problem 5 (20 points).

[NIE]

s
2

INE]

a) Find a parametric representation for the torus obtained by rotating about the z axis the circle in the
x — z plane with center (b,0,0) and radius a < b.

=0
Parametric equation for circle: {a: Hacosy , €0, 2]

z=asiny

x = (b+acosp)cosb
(e, 0) ={z,y,2}, st. Sy=(b+acosy)sind ,p€|0,2n],0 € [0,27]

z=asiny

b) Use the parametric representation from part a) to find the surface area of the torus.

—asin ¢ cos —(b+acosp)sind
r,, = | —asingsing | ,rp = | (b+acosp)cosf
acos ¢ 0
—acos p(b+ acos ) cosb —acos (b+ acos ) cosb
I, Xry = —acosp(b+ acosyp)sinf = | —acosp(b+ acosp)sinf
—asin g cosf(b+ acos ) cosl — asinpsinf(b+ acosf)sinf —asinp(b+ acos )

|xl, X rp|| = \/a2 cos? p(b + acos ¢)? + a?sin? (b + acos p)? = a(b+ acos p)

2r 27 2m
S = / / ab+ a® cos o dp df = / 2mabdd = 4nab
0o Jo 0



