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Problem 1 (20 points).

Let r : [0, 2π] → R3 be the curve given by r(t) = (2 cos t, 2 sin t, et).

a) Find the points on the curve, where the tangent line is perpendicular to the vector a = (
√
3, 1, 0).

r′(t) = (−2 sin t, 2 cos t, et), r′(t) · a = 0

−2
√
3 sin t+ 2 cos t = 0 =⇒ tan t =

1√
3

=⇒ t =

{
pi

6
,
7π

6

}
A =

(√
3, 1, e

π
6

)
, B =

(
−
√
3,−1, e

7π
6

)
b) Find the parametric equations of these tangent lines.

r′
(π
6

)
=
(
−1,

√
3, e

π
6

)
and r′

(
7π

6

)
=
(
1,−

√
3, e

7π
6

)

l1 :


√
3
1

e
π
6

+ p

−1√
3

e
π
6

 , p ∈ R and l2 :

−
√
3

−1

e
7π
6

+ q

 1

−
√
3

e
7π
6

 , q ∈ R

Problem 2 (20 points).

Let γ : [0, 1] → R3 be the space curve which satisfies

γ(t) =

(
t− 1

2

)2

⟨t2 sin
(
1

t

)
,
ln(1 + t)− t

t2
, (t− 1) cos

(
1

t− 1

)
⟩

for all 0 < t < 1

a) Find the start point and the end point of γ.

lim
t→0

γ(t0) = lim
t→0

(
t− 1

2

)2

⟨t2 sin
(
1

t

)
,
ln(1 + t)− t

t2
, (t− 1) cos

(
1

t− 1

)
⟩

=

(
t− 1

2

)2

⟨t
sin
(
1
t

)
1
t

,
1

1+t − 1

2t
, (t− 1) cos

(
1

t− 1

)
⟩ = ⟨0,−1

8
,−cos(1)

4
⟩

1



lim
t→0

γ(t1) = lim
t→1

(
t− 1

2

)2

⟨t2 sin
(
1

t

)
,
ln(1 + t)− t

t2
, (t− 1) cos

(
1

t− 1

)
⟩∣∣∣∣cos( 1

t− 1

)∣∣∣∣ ≤ 1 =⇒
∣∣∣∣(t− 1) cos

(
1

t− 1

)∣∣∣∣ ≤ |t− 1| → 0

= lim
t→1

(
t− 1

2

)2

⟨t2 sin
(
1

t

)
,
ln(1 + t)− t

t2
, (t− 1) cos

(
1

t− 1

)
⟩ = ⟨sin(1)

4
, ln(2) + 1, 0⟩

b) For each t ∈
{
0, 12 , 1

}
determine if γ is differentiable at t and find γ′(t) whenever it exists. Are the

corresponding points on the curve regular ?

Since the function is not defined at t = 0 and t = 1, it is not continuous and is not differentiable at
that points.

γ(t) = ⟨
(
t− 1

2

)2

t2 sin

(
1

t

)
,

(
t− 1

2

)2 ln(1 + t)− t

t2
,

(
t− 1

2

)2

(t− 1) cos

(
1

t− 1

)
⟩

γ′
(
1

2

)
= lim

∆t→0

γ
(
1
2 −∆t

)
− γ

(
1
2

)
∆t

= lim
∆t→0

γ
(
1
2 −∆t

)
∆t

lim
∆t→0

⟨14(∆t)2 sin
(

1
1
2
−∆t

)
, (∆t)2 ln(1.5−∆t)−0.5+∆t

(0.5−∆t)2
, (∆t)2

(
−1

2 −∆t
)
cos
(

1
− 1

2
−∆t

)
⟩

∆t
= 0

∵ γ′
(
1

2

)
= 0 =⇒ the points t =

1

2
is not a regular point

Problem 3 (40 points).

Find the length of the curve.

a) r(t) = t
√
2i+ etj+ e−tk, 0 ≤ t ≤ 1.

L =

∫ 1

0

√
(
√
2)2 + (et)2 + (−e−t)2 dt =

∫ 1

0

√
2 + e2t + e−2t dt =

∫ 1

0

√
2(1 + cosh(2t)) dt

=

∫ 1

0
2 cosh(t)) dt = 2 [sinh t]10 =

e2 − 1

e

b) r(t) = cos(t)i+ sin(t)j+ ln(cos(t))k, 0 ≤ t ≤ π
4 .

L =

∫ π
4

0

√
(− sin t)2 + (cos t)2 + (− tan t)2 dt =

∫ π
4

0

√
sin2 t+ cos2 t+ tan2 t dt

=

∫ π
4

0

1

cos t
dt =

[
1

2
ln

∣∣∣∣1 + sin t

1− sin t

∣∣∣∣]π
4

0

=
1

2
ln

∣∣∣∣∣1 +
1√
2

1− 1√
2

∣∣∣∣∣ = 1

2
ln

∣∣∣∣∣
√
2 + 1√
2− 1

∣∣∣∣∣
c) r(t) = 12ti+ 8t

3
2 j+ 3t2k, 0 ≤ t ≤ 1.

L =

∫ 1

0

√
(12)2 + (12

√
t)2 + (6t)2 dt = 6

∫ 1

0

√
8 + t2 dt

t=
√
8 tan(φ)
= 12

√
2

∫ π
4

0

1

cos3 φ
dφ

= 12
√
2

[
1

2

tanφ

cosφ
+

1

4
ln

∣∣∣∣1 + sinφ

1− sinφ

∣∣∣∣]π
4

0

= 12
√
2

(√
2

2
+

1

4
ln

∣∣∣∣∣
√
2 + 1√
2− 1

∣∣∣∣∣
)

2



d) r(t) = ⟨ t22 ,
t2

2 ,
t3

3 ,
t3

3 ,
t4

4 ⟩, 0 ≤ t ≤ a.

L =

∫ a

0

√
2t2 + 2t4 + t6 dt =

∫ a

0
t
√

t4 + 2t2 + 2dt
u=t2
=

1

2

∫ a2

0

√
(u+ 1)2 + 1du

v=u+1
=

1

2

∫ a2+1

1

√
v2 + 1dv

w=sinh v
=

1

2

∫ sinh−1(a2+1)

sinh−1(1)
cosh2w dw

=
1

4

∫ sinh−1(a2+1)

sinh−1(1)
cosh(2w) + 1 dw =

1

4

[
sinh(2w)

2
+ w

]sinh−1(a2+1)

sinh−1(1)

=
sinh

(
2 sinh−1(a2 + 1)

)
8

+
sinh−1(a2 + 1)

4
−

sinh
(
2 sinh−1(1)

)
8

− sinh−1(1)

4

Problem 4 (20 points).

Suppose you start at the point (0, 0, 3) and move 5 units along the curve x = 3 sin(t), y = 4t, z = 3 cos(t).
What are your possible locations now?

t = 0 =⇒ (0, 0, 3) is on the curve. Take a ∈ R

L =

∫ a

0

√
9 cos2 t+ 16 + 9 sin2 t dt =

∫ a

0
5 dt = 5a = 5 =⇒ a = 1

∴ A = (3 sin(1), 4, 3 cos(1) is 5 units along the curve from (0, 0, 3)

Also take from the other direction:

L =

∫ 0

a

√
9 cos2 t+ 16 + 9 sin2 t dt =

∫ 0

a
5 dt = −5a = 5 =⇒ a = −1

∴ A = (3 sin(−1),−4, 3 cos(−1) is 5 units along the curve from (0, 0, 3)

Some magic integrals used:

I =:

∫
1

cos3 x
dx =

∫
1

cosx
d(tanx)

IbP
=

tanx

cosx
−
∫

tanx
tanx

cosx
dx

=
tanx

cosx
−
∫

1

cos3 x
dx+

∫
1

cosx
dx =

tanx

cosx
− I +

1

2
ln

∣∣∣∣1 + sinx

1− sinx

∣∣∣∣
I =

1

2

tanx

cosx
+

1

4
ln

∣∣∣∣1 + sinx

1− sinx

∣∣∣∣+ c∫
1

cosx
dx =

∫
cosx

(1− sin2 x)
dx =

∫
1

(1− sin2 x)
d (sinx)

u=sinx
=

∫
1

1− u2
du =

∫
1

(1 + u)(1− u)
du =

1

2

∫
1

(1 + u)
+

1

(1− u)
du

FTC
=

1

2
[ln |1 + u| − ln |1− u|] = 1

2

(
ln

∣∣∣∣1 + sinx

1− sinx

∣∣∣∣)+ c

3


