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Problem 1 (20 points).

Evaluate the integral

a)

∫ ∫ ∫
T
xyz dV , where T is the tetrahedron with vertices (0, 0, 0), (1, 0, 0), (1, 1, 0) and (1, 0, 1).

∫ 1

0

∫ x

0

∫ x−y

0
xyz dz dy dx =

1

2

∫ 1

0

∫ x

0
xy(x2 − 2xy + y2) dy dx =

1

2

∫ 1

0

∫ x

0
x3y − 2x2y2 + xy3 dy dx

=
1

2

∫ 1

0

x5

2
− 2x5

3
+

x5

4
dx =

1

24

∫ 1

0
x5 dx =

1

144

b)

∫ 1

0

∫ 1−x

0

∫ 2−2z

0
dy dz dx

∫ 1

0

∫ 1−x

0

∫ 2−2z

0
dy dz dx = 2

∫ 1

0

∫ 1−x

0
1− z dz dx = 2

∫ 1

0
1− x− (1− x)2

2
dx =

∫ 1

0
1− x2 dx =

2

3

Problem 2 (20 points).

Use cylindrical coordinates to evaluate the following integral

a)

∫ ∫ ∫
E
x2 dV , where E s the solid that lies within the cylinder x2 + y2 = 1, above the plane z = 0,

and below the cone z2 = 4x2 + 4y2.∫ 2π

0

∫ 1

0

∫ 2r

0
r2 cos2 φr dz dr dφ =

∫ 2π

0

∫ 1

0
2r4 cos2 φdr dφ =

1

5

∫ 2π

0
1 + cos 2φdφ =

2π

5

b)

∫ 2

−2

∫ √
4−y2

−
√

4−y2

∫ 2

√
x2+y2

xz dz dx dy

∫ 2

0

∫ 2π

0

∫ 2

r
r cosφzr dz dφdr =

1

2

∫ 2

0

∫ 2π

0
(4r2 − r4) cosφdφdr = 0

1



Problem 3 (20 points).

Use spherical coordinates to evaluate the following integral

a)

∫ ∫ ∫
E
xex

2+y2+z2 dV , where E is the portion of the unit ball x2 + y2 + z2 ≤ 1 and lies in the first

octant. ∫ π
2

0

∫ π
2

0

∫ 1

0
r3 cos θ sin2 φer

2
dr dφdθ =

1

2

∫ π
2

0

∫ π
2

0
cos θ sin2 φ

∫ 1

0
ueu du dφdθ

=
1

4

∫ π
2

0
cos θ

∫ π
2

0
1− cos 2φdφdθ =

π

8

∫ π
2

0
cos θ dθ =

π

8

b)

∫ 2

−2

∫ √
4−x2

−
√
4−x2

∫ 2+
√

4−x2−y2

2−
√

4−x2−y2
(x2 + y2 + z2)

3
2 dz dy dx

0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π

2
, 0 ≤ r ≤ 4 cosφ∫ 2π

0

∫ π
2

0

∫ 4 cosφ

0
r5 sinφdr dφdθ =

46

6

∫ 2π

0

∫ π
2

0
(cosφ)6 sinφdφdθ =

46

6 · 7

∫ 2π

0
1 dθ =

46π

21

Problem 4 (20 points).

Find the volume

a) of the region E bounded by the paraboloids z = x2 + y2 and z = 36− 3x2 − 3y2.

x2 + y2 = 36− 3x2 − 3y2 =⇒ x2 + y2 = 32∫ 2π

0

∫ 3

0

∫ 36−3r2

r2
r dz dr dφ =

∫ 2π

0

∫ 3

0
36r − 4r3 dr dφ =

∫ 2π

0
81 dφ = 162π

b) of the solid that lies above the cone φ = π/3 and below the sphere ρ = 4 cos(φ).

0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π

3
, 0 ≤ r ≤ 4 cosφ∫ 2π

0

∫ π
3

0

∫ 4 cosφ

0
r2 sinφdr dφdθ =

43

3

∫ 2π

0

∫ π
3

0
cos3 φ sinφdφdθ = 5

∫ 2π

0
1 dθ = 10π

Problem 5 (20 points).

By making an appropriate change of variables, evaluate

a)

∫ ∫
R
(x+ y)ex

2−y2 dA, where R is the rectangle enclosed by the lines x− y = 0, x− y = 2, x+ y = 0,

and x+ y = 3.

u = x+ y, v = x− y =⇒ x =
1

2
(u+ v), y =

1

2
(u− v) =⇒ ∂(x, y)

∂(u, v)
=

∣∣∣∣12 1
2

1
2 −1

2

∣∣∣∣ = −1

2∫ 3

0

∫ 2

0

1

2
ueuv dv du =

1

2

∫ 3

0
e2u − 1 du =

e6 − 7

4

2



b)

∫ ∫
D
xy dA, where D is the region in the first quadrant bounded by the lines y = x, y = 3x and the

hyperbolas xy = 1, xy = 3.

u = xy, v =
y

x
, x, y ≥ 0 =⇒ x =

√
u

v
, y =

√
uv =⇒ ∂(x, y)

∂(u, v)
=

∣∣∣∣∣
1

2
√
uv

−
√
u

2v
√
v√

v
2
√
u

1
√
u

2
√
v

∣∣∣∣∣ = 1

2v

∫ 3

1

∫ 3

1

u

2v
dudv = 2

∫ 3

1

1

v
dv = 2 ln 3

3


