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CS104 Linear Algebra Section D - Homework 10
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April 24, 2024

Exercise 1 (15 points).
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Consider the linear transformation 7' : R® — R? with the standard matrix [T] = [_ 110

] , the linear

x
transformation S : R? — R2, defined by S [;ﬂ = F —ny] and L : R? — R?, defined by L !y] = [x * Z]
z
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si=[; PJaam=] § ) = wen=mm= §

(SoL) E] =[SoI] E] _ B 8 —13} E] _ [i;sj

b) Show that S is invertible and find the standard matrix of S~1;

a) Use the matrix method to compute (S o L) {

NI SO

Using the standard basis for S and L, we get:

det([S]) =2#0 = IS = 39, and [S'] = det(l[s]) [_01 ﬂ = [_O% ﬂ

c¢) Find the standard matrix of the linear transformation FF = S~1oT

F=sm= 0 3] 15 T o] =0
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Exercise 2 (15 points).

Consider the linear transformation T : P3(R) — Max2(R) defined by T'(a+bx+cx?+dz3) = [3b te 0 }

0 2d —c|’



a) Describe range(T);

ran e(T): A11 A12 ot A11 A12 _ 3b+C 0
& Agr Age|’ 7 A A 0 2d —c

R et O R S (R | B )
SO U U

b) Find rank(7") and use the rank theorem to compute nullity(7);

] f#a,b,c,dGR}

10 0 0 .
[0 0} and {0 1] are basis for range(7)

rank(7") = dimrange(T") = 2
rank(7") 4+ nullity(7') = dim P3(R) = nullity(T) = 2

c¢) Describe Ker(T).

Ker(T) = { a + bz + cx® + dz>, s.t b+ 0 =0,a,b,¢c,d, € R
0 2d—c
b d=
= a+br+ ca® + di, sit. Oa +3b4c+0 0 a,be,d e R
0a+0b—c+2d=0
03 1 0]0 010 310 b=—1d
—
00 -1 2|0 0 01 —-2/0 c=2d

1 1
Ker(T) = {a —30% +2daz? + da?, sit. ,a,d € R} = span {1 ~ 3% 222 + :z3}

The two vectors are linearly independent, which implies that they form basis for Ker(T').

Exercise 3 (15 points).

For the given linear transformation S : Ma(R) — M2 (R) defined by S(A) = A— AT where A is a fixed 2 X 2
matrix, find Ker(.5), basis for Ker(S), Rng(S), basis for Rng(S) and verify the rank-nullity theorem.

A:_[Z Z]:>S(A)_{(cz Z}—[‘b‘ ;]_[c O]VabcdeR

R e e (LR R

The matrices are linearly independent, hence they form basis for the Ker(S

Rng(S)_{[cgb bgc},Vb,ceR}_{{_(bo_C) bgc],Vb,ceR}—spanH_Ol é”

rank(S) + nullity(S) = dim Max2(R) = dim Rng(S) + dim Ker(S) = dim Max2(R) = 143 =14



Exercise 4 (15 points).

-1
Let T} : R?2 — R3 and T» : R?> — R? be the linear transformations with matricies A = |1 0 | and
-1
0 -1 3 , ‘
B = 3 0 1 respectively. Find T3 o T, Ker(Ty o T1) and Rng(7 o T7).
2 -1
0 1 3 3
(T3 0 Th] = [To][Th] = [3 . J (1] _01 _ [6 _4]

TyoTy :R2 5 R2 st. (ThoTy) m = [gs__i’;’]

Ker(Tr o Th) = {m L st (ThoTh) [‘b‘] =0,a,b€ ]R} = {0}

Rng(Ty 0 T}) = { [gg__i’é’] Va,be R} = { [gﬂ + [:ilﬂ Va,be R} = Span{ [—61} | m}

The two vectors are linearly independent, which implies that they form basis for Rng(75 o T71).

Exercise 5 (15 points).

Let T7 : Ma(R) — P2(R), Ty : Po(R) — P3(R) be two linear transformations defined by T} ([Z Z]) =

a+ (b—2c)z + (d+ a)a? and Tr(p(z)) = [y p(t) dt. Determine Ty o Ty, Ker(Ts o Tt), Rng(T3 o T1),
nullity (75 o T1) and rank(7» o T7).

T t2 t3 T
Tg(a+(b—2c)x—|—(d—|—a)x2):/ (a4 (b—2c)t+ (d+a)t?) dt = at—l—(b—26)2+(d+a)3}
0 0
—2
S TyoTh: Ma(R) — Py(R, s.t. (ThoTh) [‘CL Z} — ozt O 5 Vg2 4 (d;a)xS,Va,b,c,deR
b—2 d
Ker(TgoTl):{[a b},s.t. ax—i—( C)a:2+( +a)x3:0,a,b,c,d€R}
c d 2 3
=0 10 0 0f0 1.0 0 0]0
b2 — — [0 1 =2 0{0|— |01 -2 00
dia _ 10 0 1[0 00 0 1[0

0 2]
Ker(Th 0o Ty) = span{ [1 0 }
(b—2¢) 5 (d+a) 5 1 5 =2 51 4
RS> = R i Z
5 r° + 3 x°,Va,b,c,d € span x—|—3,2$, 2£B,3$
Rng(T o T1) = span {3z + 2322, :1:3} and they form basis
nullity(7") = dim Ker(7') = 1
rank(7) = dim Rng(7T") = 3

Rng(Th o Th) = {ax +



Exercise 6 (15 points).

For the given linear transformation find Ker(7T") and Rng(7), and hence, determine whether the given
transformation is one-to-one, onto, both, or neither. Find a formula for the inverse linear transformation
T~ or explain why it does not exist.

a) Define T : R? — R? by T'(x) = Ax, where A = [4 2] ;

1 3
3 _1
x:= | = Ax= da+2b and A= | 1§ 5

Rng(T) = span { m , [é] } Ker(T) = {0}

. T is one-to-one and onto = 371 77! [Z] — A1 [Z]
b) Define T': P;(R) — P;(R) by T(azx + b) = (b — 2a)x + (2b + a);
Rng(T) = span {1 — 22,2 + 2}, Ker(T) = {0}

2a—bx+7a—2b
3 3

. T is one-to-one and onto = 3T~ 1, T (azx +b) =
c¢) Define T : Py(R) — P;(R) by T(ax? + bx + ¢) = (a + 2b)z + c.
Rng(T) = span {1, z},Ker(T) = span { —22° + z}

. T is onto but is not one-to-one = AT '

Exercise 7 (10 points).

Determine an isomorphism between R3 and the subspace of Maxo(R) consisting of all upper triangular
matrices.

a
T :R3 = Moyo(R), s.t. T |b] = [g i]
C



