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Exercise 1 (30 points).

Consider the linear transformation T : R2 → R2, given by its standard matrix A =

[
2 2
2 −1

]
.

a) Show that the vectors v1 =

[
2
1

]
and v2 =

[
−1
2

]
are eigenvectors for A, and find the corresponding

eigenvalues.

Ax = λx =⇒ A

[
2
1

]
=

[
2 2
2 −1

] [
2
1

]
=

[
6
3

]
= 3

[
2
1

]
=⇒ λ1 = 3

Ax = λx =⇒ A

[
−1
2

]
=

[
2 2
2 −1

] [
−1
2

]
=

[
2
−4

]
= −2

[
−1
2

]
=⇒ λ2 = −2

b) Compute T 100

[
−1
0

]
[
2 −1
1 2

] [
c1
c2

]
=

[
−1
0

]
→

[
2 −1 −1
1 2 0

]
→

[
1 2 0
0 −5 −1

]
→

[
1 0 −2

5
0 1 1

5

]
[
−1
0

]
= −2

5

[
2
1

]
+

1

5

[
−1
2

]

T 100

[
−1
0

]
= [T ]100

[
−1
0

]
=

[
2 2
2 −1

]100 [−1
0

]
=

[
2 2
2 −1

]100(
−2

5

[
2
1

]
+

1

5

[
−1
2

])

= −2

5

[
2 2
2 −1

]100 [
2
1

]
+

1

5

[
2 2
2 −1

]100 [−1
2

]
= −2

5
(3)100

[
2
1

]
+

1

5
(−2)100

[
−1
2

]
∴ T 100

[
−1
0

]
= −1

5

(
2 · 3100

[
2
1

]
+ 2100

[
−1
2

])
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Exercise 2 (40 points).

Let A =

3 0 0
0 1 −2
1 0 1

. Compute

a) the characteristic polynomial of A,

p(λ) = det(A− λI) = det

3− λ 0 0
0 1− λ −2
1 0 1− λ


= (3− λ)

∣∣∣∣1− λ −2
0 1− λ

∣∣∣∣ = (3− λ)(1− λ)(1− λ) =⇒ p(λ) = −λ3 + 5λ2 − 7λ+ 3)

b) the eigenvalues of A,

p(λ) = −λ3 + 5λ2 − 7λ+ 3 = (3− λ)(1− λ)(1− λ) = 0

λ1 = 3, λ2 = 1

c) a basis for each eigenspace of A,3− 3 0 0
0 1− 3 −2
1 0 1− 3

 →

0 0 0
0 −2 −2
1 0 −2

 →

1 0 −2
0 1 1
0 0 0

 =⇒

{
x1 = 2x3

x2 = −x3

Eλ2 = null

3− 3 0 0
0 1− 3 −2
1 0 1− 3

 = span


 2
−1
1

3− 1 0 0
0 1− 1 −2
1 0 1− 1

 →

2 0 0
0 0 −2
1 0 0

 →

1 0 0
0 0 1
0 0 0

 =⇒

{
x1 = 0

x3 = 0

Eλ2 = null

3− 1 0 0
0 1− 1 −2
1 0 1− 1

 = span


01
0


d) the algebraic and geometric multiplicity of each eigenvalue of A.

λ1 → 1,dim(Eλ1) = 1

λ2 → 2,dim(Eλ2) = 1
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Exercise 3 (30 points).

a) Find the eigenvalues of A =

[
2 −3
1 0

]
over the complex numbers C and determine all eigenvectors

corresponding to these eigenvalues.

det(A− λI) = det

[
2− λ −3
1 −λ

]
= (2− λ)(−λ) + 3 = λ2 − 2λ+ 3 = 0

λ1 =
2 +

√
4− 4 · 3
2

= 1 + i
√
2, λ2 =

2−
√
4− 4 · 3
2

= 1− i
√
2

A− λ1I =

[
2− 1− i

√
2 −3

1 −1− i
√
2

]
→

[
1 −1− i

√
2

1− i
√
2 −3

]
→

[
1 −1− i

√
2

0 0

]
∴ Eλ1 = span

{[
1 + i

√
2

1

]}

A− λ2I =

[
2− 1 + i

√
2 −3

1 −1 + i
√
2

]
→

[
1 −1 + i

√
2

1 + i
√
2 −3

]
→

[
1 −1 + i

√
2

0 0

]
∴ Eλ1 = span

{[
1− i

√
2

1

]}

b) Find the eigenvalues of A =

[
2 1
1 2

]
over the Z3 and determine all eigenvectors corresponding to these

eigenvalues.

det(A− λI) = det

[
2− λ 1
1 2− λ

]
= (2− λ)(2− λ)− 1 = λ2 − λ = 0 =⇒ λ = 0

A =

[
2 1
1 2

]
→

[
1 2
0 0

]
=⇒ Eλ1 =

{[
1
1

]}
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