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Exercise 1 (40 points).

The following complex numbers are given:

x = 2− 2i, y = −2i, z = 2
√
3 + 2i

(a) Compute x+ y, y − z,x · z, z/y,x/z.

x+ y = 2− 2i− 2i = 2− 4i

y − z = −2i− 2
√
3− 2i = −2

√
3− 4i

x · z = (2− 2i)(2
√
3 + 2i) = (4

√
3 + 4) + i(4− 4

√
3)

z

y
=

2
√
3 + 2i

−2i
=

(2
√
3 + 2i) · (2i)

(−2i) · (2i)
=

−4 + 4
√
3i

4
= −1 +

√
3i

x

z
=

2− 2i

2
√
3 + 2i

=
(2− 2i) · (2

√
3− 2i)

(2
√
3 + 2i) · (2

√
3− 2i)

=
(4
√
3− 4) + i(−4

√
3− 4)

12 + 4
=

(√
3

4
− 1

4

)
+i

(
−
√
3

4
− 1

4

)

(b) Write polar forms of x, y and z. Compute x20 and z30.

r =
√
22 + (−2)2 = 2

√
2 and θ = arctan

(
−2

2

)
= −π

4

x = r(cos θ + i sin θ) = 2
√
2
(
cos
(
−π

4

)
+ i sin

(
−π

4

))
r =

√
22 = 2 and θ = −π

2

y = r(cos θ + i sin θ) = 2
(
cos
(
−π

2

)
+ i sin

(
−π

2

))

r =

√
(2
√
3)2 + 22 = 4 and θ = arctan

(
2

2
√
3

)
=

π

6

z = r(cos θ + i sin θ) = 4
(
cos
(π
6

)
+ i sin

(π
6

))
ss

xn = rn(cosnθ + i sinnθ) =⇒ x20 = (2
√
2)20(cos(−5π) + i sin(−5π)) = −810

zn = rn(cosnθ + i sinnθ) =⇒ z30 = 430(cos(5π) + i sin(5π)) = −430
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(c) Find all complex numbers s such that s4 = x.

sk = r
1
n

(
cos

(
θ + 2πk

n

)
+ i sin

(
θ + 2πk

n

))
, n = 4, k ∈ {0, 1, 2, 3}

s0 = r
1
4

(
cos

(
θ

4

)
+ i sin

(
θ

4

))
s1 = r

1
4

(
cos

(
θ + 2π

4

)
+ i sin

(
θ + 2π

4

))
s2 = r

1
4

(
cos

(
θ + 4π

4

)
+ i sin

(
θ + 4π

4

))
s3 = r

1
4

(
cos

(
θ + 6π

4

)
+ i sin

(
θ + 6π

4

))

Exercise 2 (20 points).

Consider the following complex vectors.

u =

 −2i
−3 + 2i
1− 5i

 and v =

 2
2− i
−2i


(a) Calculate u · v and v · u.

u · v = ū1v1 + ū2v2 + ū3v3 = (2i)(2) + (−3− 2i)(2− i) + (1 + 5i)(−2i) = 2 + i

v · u = v̄1u1 + v̄2u2 + v̄3u3 = (2)(−2i) + (2 + i)(−3 + 2i) + (2i)(1− 5i) = 2− i

(b) Calculate ∥u∥ and ∥v∥.

∥u∥ =
√
u · u =

√
(−2i)(2i) + (−3 + 2i)(−3− 2i) + (1− 5i)(1 + 5i)

=
√

02 − (2i)2 + (−3)2 − (2i)2 + (1)2 − (5i)2 =
√
4 + 9 + 4 + 1 + 25 =

√
43

∥v∥ =
√
v · v =

√
2 · 2 + (2− i)(2 + i) + (−2i)(2i)

=
√
22 + 22 − i2 − 4i2 =

√
4 + 4 + 1 + 4 =

√
13

Exercise 3 (20 points).

Let a = 7, b = 5 and c = 9 be numbers in the field Z11. Compute
a
b
+b2

c .

b · b−1 = 1 =⇒ b−1 = 9, by trial and error

c · c−1 = 1 =⇒ c−1 = 5, by trial and error

a
b + b2

c
= (a · b−1 + b2) · c−1 = (7 · 9 + 52) · 5 = (8 + 3) · 5 = 0
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Exercise 4 (20 points).

Consider the following vectors in Z4
7.

u =


1
5
0
8

 and v =


2
4
6
5


Compute u+ v, u− v, 5u and 4−1v.

u+ v =


1 + 2
5 + 4
0 + 6
8 + 5

 =


3
2
6
6



u− v =


1− 2
5− 4
0− 6
8− 5

 =


6
1
1
3



5u =


5 · 1
5 · 5
5 · 0
5 · 8

 =


5
4
0
5



4−1 = 2 =⇒ 4−1v = 2v =


2 · 2
2 · 4
2 · 6
2 · 5

 =


4
1
5
3


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