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(CS104 Linear Algebra Section D - Homework 6
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March 14, 2024

Exercise 1 (20 points).

In each case below check if the given set V is a vector space over the given field F with the specified
operations of addition and multiplication by a scalar. If it is not, list all of the axioms that fail to hold.

a) V =R? F =R, with the usual addition, but the scalar multiplication defined in the following way:

for H € R2, anchR,c[w] - [x] c R?
Yy Yy cy

v = [ﬂ eV,s,teR

(r+s)-v=(r+s) m - [(r fs)y} - [rxy} + L'Oy] £V 4 sv

Distributive property does not hold(Axiom 10) = V is not a vector space

b) V =R2, F = C, with the usual scalar multiplication, but the addition defined in the following way:
sl e R o e R R
vl Y2 (1 Y2 y1+y2+1
. a . C 2
u= {b] , V= [d} eR s,teC
. L al at 2
Axiom 2) s:=1,s [b] = [bz} ZR

. o G+C+1 B as+cs -+ s aS+C$—|—1 B
AXlomg)S(u+V)—S[b+d+1]_[bs+d5+s}#[bs+ds+1]_su+sv
AXiomlO)(r+s).u:(T+S){a]_[m—&—sa}#[ra—i—sa—i—l

b| = |rb+ sb rb+sb+1]:r“+5“

Closure under multiplication and distributive properties do not hold (Axioms 2,9 and 10)

..V is not a vector space



x
c) V = yl € Zg,s.t.&v +2242=1,,F = Zs, with the usual operation of vector addition and
z
scalar multiplication.

x x b+3
3x+2z242=1 = zx=2+3 = V = Y EZg,s.t. yl = a |,a,beZs
z z b
vi,v2 € V,r, s € Zs5
Zl+3- 29+ 3 Z1+29+1
Axiom ) vi+ve=| y1 |+ | v2 |=| vty |€V
z1 | 22 21+ 22
3 2-3 1
Axiom 2) rv; ;=2 [0 = [2-0| = |0 €V
10 2.0 0

..V is not a vector space

d) V = Max2(R), with the operation of addition defined by A@ B = AB, and the usual scalar multi-
plication.
A BeV,rseR

Axiom 3) AQDB=AB#BA=BHA
Axiom9)r-(A@B):r-AB;ér-A-r-B:(r-A)(r-B):r-AEBT-B

..V is not a vector space

Exercise 2 (10 points).

Determine whether the given set S of vectors with the usual addition and scalar multiplication is a vector
space. In each case, take the set of scalars to be the set of all real numbers.

a) The set S :={A € M,xn(R): A is a lower triangular}.

We know that V = M,,x»(R) is a vector space, and S C V

all 0 0 b11 0 0
A= a1 a2 ... 0 ,B — bor  boy ... 0 c S,C cR
Gpl  Gp2 ... Qnp bni bn2 ... bpg
all 0 0 b11 0 0 C11 0 0
Axiom 1) asr a2 ... 0 A+ b21 b22 0 Ressign:scalars Cc21 C22 ... 0 cs
apl  Gp2 ... Qnp bnl an bnn Cnl Cp2 ... Cpn
Ca11 0 0 C11 0 0
Axiom 2) cA = ca21 Caz ... 0 Ressign:scalars C21 C22 ... 0 cs
Ccanl1 CAp2 ... Capn Cnl Cp2 ... Cpn

.S is a subspace of V. = S is a vector space



b) The set S := {A € Maxa(R) : det(A) # 0}.

. 1 0 0 1 1 0 01 1 1
Axiom 1) Take {0 1],[1 O]GV, [0 1}—1—{1 O]_[l 1] =:C,det(C)=0 = C&V

..V is not a vector space

Exercise 3 (20 points).
Express S in set notation and determine whether it is a subspace of the given vector space V.

a) V =R3 and S is the set of all vectors (z,y,2) in V such that y = —2z, z = = + 2y.

x x s
z=-3x = S= yl,st. |yl =1]-2s|,seRp = SeV
z z —3s
p [ ¢
Check closures for S, take vi = | —2p| ,vo = [—2¢q| € S,p,q,c € R
—3p [—3¢
p q ptq | [ t+a) |  _[a
Axiom 1) vi+vy = [=2p| + |—2¢| = |-2p—2¢| = | 20p+¢)| "E " | -2a| € S
—3p —3q -3p=3q¢] [3(p+q) —3a
D cp B a |
Axiom 2) evi =c¢ |—2p| = | —2cp P=Y | 24| € § = S is a subspace of V
—3p —3cp —3a |

b) V = R*and S is the set of all solutions to the homogeneous linear system Ax = 0, where A is a fixed
3 X 4 matrix.

ajl a2 aiz a4
S = ({x, such that Ax =0,A = |a21 a3 a3z az|,a; €R,1€1,2,3,5€1,2,3,4
az1 a32 a3 as4

Take x,y € S,c € R

Ax =0 istributi
Axiom 1) {AX 0 — Ax+ Ay =0 dlsmbu%pmperty Ax+y)=0 = x+yeSs
y =

Axiom 2) Ax =0 = ¢(A4x) = ¢(0) property of matrices Alex) =0 = x€ S
.S is a subspace of V
c) V= Msx3(R) and S is the subset of all 3 X 3 symmetric matrices.

a b c
S = b d e|,ab,c.de feR
c e f



ax ba ca ap bp cp
Take A = ba da ea ,B: bb dp epB ,CER

ca ea fa cg e fB
as ba ca] ap b cp as+ap ba+bp ca+cp
Axiom 1) A+ B= by da esa| + |bp dp ep| = |ba+bp da+dp es+ep
ca ea fa] cg e fB cat+cp eatep fa+fB
i ! [ac bo co
ssign H;W scalars bC dC ec 6 S :> A + B e S
lcc ec fo
c-ap c-by c-cy ac bo co

Assign new scalars

Axiom 2) cA= |c-bs c-da c-ey bc do ec| € S = S is a subspace of V
c-ca c-eq c-fa cc ec fo

d) V is a vector space of all real valued functions and S is the set of all solutions to the differential
equation 2y’ +y = 0.
S = {y, such that 2y’ +y =0}

Check closures for S, take y,z € S,c € R

2y +y=0
22/ +2=0

Sum rule

= 2 +y+27+2=0"= 2@+2)+(y+2)=0 = y+z€S

Axiom 1) {

Calculus magic
—

Axiom 2) 2y +y=0 = ¢-(2¢/ +y)=c-0 2(cy)' + (cy) =0 = cye S

.. S is a subspace of V

Exercise 4 (20 points).

Show that vi = (2,-3,1), vo = (2,2, -5), v3 = (1,2, —4) span R? and express v = (9,8,7) as a linear
combination of vi,vo, vs.

Check if vi,vo, vy are linearly independent in R3

€1V1 + cavo + cgvy = 0, for some values of ¢1,c9,c3 € R

2 2 10 1 =5 —4]07 mesr, [1 =5  —4 |0
3 2 200 | ™ 3 2 200 |0 13 —10]0 | «—
1 =5 —4|0 2 2 1|0 0 12 9 |0
~ g,

e 1 -5 —4 0] e T -5 00 10 0]0
focBf2 g 1 10 0o | %37 o 1 ojo| ™01 0/0]| =
0 0 —3|0 0 0 1]0 00 1[0

61:0

— {3 =0 = vi,Vy,V3 are linearly independent in R® = span{vy, vy, v3} = R3
C3 = 0

b1v1 + bavo + bgvsy = v, for some values of by, b, b3 € R



2 2 119 1 =5 4|77 mevsms [1 -5 —4 |7
3 2 9o |g || 3 o o |g |2 —13 10|29 |
1 -5 —4|7 2 2 119 0 12 9 |-5
_L33R3
e [10=5 —4 | 7 ] s F1 5 0] —igd 1 0 0] -3
Rociafe | 0 10 | 2o | Fepmfs g 0 o b | Rk | oy ) ol |
13 13
3 283 %83 %83
00 -3 0 0 1|28 00 1|28
_ 56
br="3 56 211 283
2 = 73 VIt 3 V2 57Vs
by — — 283

Exercise 5 (30 points).

a) Let S be the subspace of M3(R) consisting of all 3 X 3 skew-symmetric matrices. Find a set of vectors
that spans S.

0 a b
Let A be a 3 X 3 skew-symmetric matrix = A= |—a 0 «c¢|,A€ S Va,bceR
-b c 0
0 10 0 01 0 0 O
A=a|-1 0 0| 4+b]0 0 Of+c|O0O 0 1
-0 0 0 -1 0 0 0 -1 0
0 10 0 01 0 0 O
S = span -1 0 0l,]0 O oOf,|0 O 1
-0 0 0 -1 0 0 0 -1 0

b) If pi(z) = 2 —2, and pa(z) = 22% + 22 — 3, determine whether p(x) = 222 +4x — 7 lies in span{p1, p2}.
Vpi(z) € span{p1,p2}, Jc1, ca € R such that pg(x) = c1p1(x) + copa(z)
Assume p(z) € span{pi,pa} = e, c2 €R, st 207+ 42 — 7= ¢ (z — 2) + 2(22° + 22 — 3)
20 +dx — T = car — 2c + 230202 + 2xcy — 3¢9

Ccl =

222 + 4z + (=7) = (2e2)2% + (¢1 + 2¢2)x + (—2¢1 — 3c2)1 = {
Cy =

Sop(x) = 2% +4r —Te€ span{p1, p2}

c) Consider A = [:1)) g}, Ay = B 13] in M5(R). Find span{A4;, A2} and determine whether or not

B = [57) _25] lies in this subspace.

VA € span{A1, A2} = Jci, ¢ € R such that A = c1 41 + 24,

A, — ¢ 1 0 Le 2 1 . lcr + 2¢9 Co
F=3 9 219 —3| 7 [3c; +2c0 2¢1 — 3es



1s+ 2t t
span{ A1, Ay} = { [38 Lor 95— 3t] , 8, t € R}

Assume B € span{A4;, Ay} — [5 2 ] = [18 2 t

7 =5 3s+2t 2s—3t
.. B ¢ span{A4;, Ao}

} = As,teR



