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Exercise 1 (20 points).

Use Cramer’s Rule to solve the given linear system.

r+2y—z=1
TH+2y+z=2
r—2y=3
1 2 -1 1
A= |1 2 1]|,b=|2 ,det(A)zl‘_22 (1)‘—2‘1 (1)‘—1‘1 _22‘:8
1 -2 0 3

Al(b)F ) 11]7det(A1(b))12 1'-2'3 (1)'—1'§ _22‘:18

1 1 -1
Asb) = |1 2 1|, det(Ao)) =17 -1t Hoq]t F=3
30 10 1 3
13 0
1 2 1
Agb) = |1 2 2| det(Asb) = 1|2 2l =2t 2lpat 2|y
-2 3 1 3 1 -2
1 -2 3
_ det(A1(b))
D I P
_ det(A3(b)) s =4 =1
= T det(A) 8 2
Exercise 2 (20 points).
Use adjoint method to compute the inverse of the coefficient matrix of the exercise 1.
2 1 _'1 1' ‘1 2"T
-2 0 10 1 -2 T )
2 1 -4 Z
1 1 2 -1 1 -1 1 2 1 4
-1 _ . e . _ _ 1
AT = Jaa i) = —2 0‘ ‘1 o’ 1 —2‘ s[i _12 g] {81
2 -1 -1 1 2 2
2 1 11 1 2| |

DO [ =00 = [ =



Exercise 3 (7?7 points).

In each case below verify that 7" is a linear transformation.

“ [O a —Qa]‘

a) T:R3 = Myy3(R) is given by T | b| = b 0 at 9
c
Ui U1
Take u= |us| ,v= || €eR3 ceR
us (OR}
u; + v
. . 0 ul + vp —2uy1 — 211
1)T(u+v)_T uz 2| = [UQ—FUQ 0 u1+U1+QUQ+21)2:|
u3 + v3
. 0 Ul —2u1 0 (% ——2’01 .
- |:u2 0 U1+2u2] |:U2 0 1)1+2U2] _T(u>+T(V)
C* Uy
_ _ 0 c-uq —2¢ - us _ 0 w —2u9 _
2)T(c-u) =T 2 ZQ a |:C'UQ 0 c‘u1—|—20'u2] - {uz 0 u1+2u2} = cT'(u)
© w3

. T is a linear transformation.

b) T : My(R) — P3(R) is given by T [Z b} = (2a +b)x — (b — 2¢)z3;

d

Take A = |11 2| p_ b bief o pp oy e g
as1 G99 ba1  ba2a

= (2(a11 + bi1) + a1z + bia)x — (@12 + biz — 2(ag1 + bay))z®

)T(A+B) =T [all +b11 a2+ 512}

a1 +ba1 a4 bao

(2(111 + a12)$ — (a12 — 2a21)$3 + (2b11 + blg)aj‘ — (b12 — 2()21)1‘3 = T(A) + T(B)

c-a11 C-ai2

NT(cA) =T L o

} =(2c a1 +c-ap)r—(c-ajx—2c- agl)x3 =cT'(A)

. T is a linear transformation.

c) T : Py(R) — R? is given by T(p(z)) = [?;i(ol))]‘

Take a(x) = ag + a1z + a2z, b(x) = by + bix + bex? € Po(R),c € R

3(((10 + bo) + (a1 + b1) + (az + bg))

D) T(a(z) +b(z)) = T((ag + bo) + (a1 + b))z + (ag + bo)z?) = [ ag + bo

_ [3(% +ac;1 + CLQ)} N [3(b0 +b%;1 + bQ):| — T(a(x)) + T(b(x))

2)T(c- a(z)) = [3(0 - ag +CC‘.aa;)1 +c- ag)] — T(a(z))

. T is a linear transformation.



Exercise 4 (7?7 points).
Show that the given mapping is a nonlinear transformation.

a) T : M2(R) — M(R) defined by T'(A) = A3,
Take A € My(R),c € R
T(cA) = (cA)® = 3 A3 # cA3 = ¢T(A)

. T is not a linear transformation.

b) T : R? — R? defined by T(z1,22) = (z1,21 + 22 + 1).
Take u = (u1,u2) € R, c € R

T(cu) = (c-uj,c-ur+c-ug+1)# (c-up,c-up +c-uz+¢) =cT'(u)

. T is not a linear transformation.

Exercise 5 (7?7 points).
Let T : Po(R) — P»(R) be a linear transformation, satisfying
T(1)=1—2, T(1+z) =24 2% T(x+2?) =1 -2z + 3%
For the vector p(z) = 5 + 3z — 22 in Py(R), determine T'(p(z)).
Tx)=T(1+z)-T(1)=x+2> - 1+z=—14 2z + 2>

T(x*)=T(x+2?) —T(x) =1—-2x+32> +1 22 — 2> =2 — 4o + 222
T(5+ 3z — %) =5T(1) + 3T (x) — T(2?) =5 — bz — 3 + 62 + 322 — 2 + 4o — 22 = 5z + 22

Exercise 6 (7?7 points).

Determine the standard matrix of the given transformation 7" : R? — R?

T 1 2 2$2 + 3$3
T2 = r3 — 21‘1
x3



Exercise 7 (7?7 points).
Consider the linear transformations in Exercise 3 (a-c) and find their standard matrices.

a

a) T:R3 = Myy3(R) is given by T |b| = {O @ —2a ];
c

b 0 a+2b

The coordinate vectors of both vector spaces were used with their corresponding standard basis.

0] (0] [0
N A R T
T 0 == 5 T 1 = s T 0 =
0 0 0 1 1 0
0 0 0
| 1] 12 10
[0 0 O]
1 00
-2 0 0
1] = 0 1 0
0 0 O
|1 2 0]
b) T : My(R) — P3(R) is given by T (cz Z = (2a + b)x — (b — 2¢)z3;
The coordinate vectors of both vector sbaces were used with their corresponding standard basis.
1 0 0] 0 0 0 0 0
0 2 1 1 0 0 0 0
T070’T070’T170’T070
0 0 0] -1 0 2 1 0
0O 0 0 O
2 1 00
1] = 0O 0 0 O
0 -1 2 0
c) T: Py(R) — R? is given by T(p(x)) = [?;i(()l))]
|3 3 o |3
1) = [}] @) = o] e = ]
3 3 3
[71= [1 0 0]

Exercise 8 (7?7 points).

Assume that T defines a linear transformation T : R? — P,(R), such that

I 9 4
T[_g] =2—-3x—z°, andT[O

:|:4£C—8l‘2

4



) 1 0
a) Find T [O] and T [_3],

b) Find T {(1)] , and hence the standard matrix [T] of T’

o] 1.[0] 2. 4 1,

Using the standard basis for P»(R), we get:

2
T=]1 4
-2 -3

0 -2 10

2 _ 43 2 _ 314
TM‘ 3 [—5]‘ K
3 3

Exercise 1 (0 points).

Prove that there is no linear transformation 7 : R? — P»(R), such that

T[E} :1—1-2,1[_2} =z + 42 andT[_z

_ 2
5 3]_4+x+x

Since dim(R?) = 2, 3¢y, co € R, such that c¢; [_12] +c2 [_52} = [_23]

R R e b B R b B R R

T[Q} :4T{12] +T[_ﬂ —4—4d? v +4’ =4+ 4 4+x+2°

. T is not a linear transformation.



