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Problem 1.
Solve the following linear 1st order ODEs:

a) dy

dt
= 6t− 6y

t

dy

dt
= 6t− 6y

t
=⇒ dy

dt
+

6y

t
= 6t =⇒ µ(t)

dy

dt
+ µ(t)

6y

t
= µ(t)6t

(µ(t)y)′ = µ(t)
dy

dt
+ µ′(t)y =⇒ µ′(t) = µ(t)

6

t
=⇒ µ′(t)

µ(t)
=

6

t
=⇒ ln(µ(t)) = 6 ln(t) =⇒ µ(t) = t6

(t6y)′ = 6t7 =⇒ y =
6t8

8 + c

t6
∴ y(t) =

3t2

4
+

c

t6

b) dy

dt
− 2ty = t with y(0) = 1/2

µ(t)
dy

dt
− 2µ(t)ty = µ(t)t =⇒ (µ(t)y)′ = µ′(t)

dy

dt
+ µ′(t)y

µ′(t) = −2µ(t)t =⇒ µ′(t)

µ(t)
= −2t =⇒ µ(t) = e−t2 =⇒ (e−t2y)′ = te−t2

e−t2y = −1

2

∫
e−t2 d(−t2) =

−1
2e

−t2 + c

e−t2
∴ y(t) = cet

2 − 1

2

y(0) = 0.5 =⇒ 1 = ce0 =⇒ c = 1 =⇒ y = et
2 − 1

2

Problem 2.
Solve the following separable ODEs:

a) dy

dz
= (1 + z)(1 + y2) with y(0) = 0

y′

1 + y2
= 1+z =⇒

∫
dy

1 + y2
=

∫
1+z dz =⇒ arctan(y) = z+

z2

2
+c =⇒ y = tan

(
2z + z2

2
+ c

)
y(0) = tan(c) = 0 =⇒ c = πk, k ∈ N

1



b) dy

dx
= e4y−x with y(4) = 2− ln 2

y′

e4y
= e−x =⇒

∫
dy

e4y
=

∫
dx

ex
=⇒ 1

4e4y
=

1

ex
+ c =⇒ e4y =

ex

4 + 4cex

y =
x

4
− 1

4
ln (4 + 4cex) , y(4) = 2− ln 2 =⇒ c =

2

e5
=

4

e4

Problem 3.

a) Solve dy

dx
= y2 − 1. You should obtain y(x) =

1 + Ce2x

1− Ce2x

y′

y2 − 1
= 1 =⇒

∫
dy

(y − 1)(y + 1)
= x+ c1 =⇒ ln

(
y − 1

y + 1

)
= 2x+ c

y − 1 = ye2x+c + e2x+c =⇒ y(x) =
1 + Ce2x

1− Ce2x

b) What are the equilibrium solutions? (hint, look at the ODE). Notice that one of the equilibrium
solutions does not belong to the general solution you found above.

c = 0 =⇒ y(x) = 1, c ̸= 0 =⇒ lim
x→−∞

y(x) = 1, lim
x→∞

y(x) = −1

c) Notice that each solution with has C > 0 a vertical asymptote. For x = 0 identify the range of initial
conditions that result in solutions that “blow up” (have a pole/singularity) at finite value of x.

y(0) =
1 + C

1− C
=⇒ C ∈ (0,+∞) ∴ y(0) ∈ (−∞,−1) ∪ (1,∞)

Problem 4.
Solve the following ODEs using substitution techniques:

a) z′ + xz = xz4

z′ + xz = xz4 =⇒ z′

z4
+

x

z3
= x

u = z−3 =⇒ u′ = −3
z′

z4
=⇒ −u′

3
+ ux = x =⇒ u′ − 3ux = −3x

µ(x)u′ − 3µ(x)ux = −3µ(x)x =⇒ (µ(x)u)′ = µ(x)u′ + µ′(x)u =⇒ µ′(x)u = −3µ(x)ux

µ′(x)

µ(x)
= −3x =⇒ µ(x) = e−1.5x2

=⇒ u =
1

e−1.5x2

∫
e−1.5x2

d(−1.5x2) = 1 + ce1.5x
2

z = u3 ∴ z = (1 + ce1.5x
2
)3

b) t2 + 3ty + y2 − t2
dy

dt
= 0

y = tu =⇒ y′ = u′t+ u =⇒ t2 + 3t2u+ t2u2 − t2(u′t+ u) = 0 =⇒ u′t− 4u− u2 + 1 = 0

u′ =
u2 + 4u− 1

t
=⇒ u′

u2 + 4u− 1
=

1

t
=⇒ ln

∣∣∣∣∣u+ 4−2
√
5

2

u− 4−2
√
5

2

∣∣∣∣∣ = 2
√
5 ln(t) + c1

u+ 4−2
√
5

2

u− 4−2
√
5

2

= c2t
2
√
5 =⇒ u =

−4−2
√
5

2 − c2t
2
√
5

1− c2t2
√
5

=⇒ y = t
−4−2

√
5

2 − c2t
2
√
5

1− c2t2
√
5

2


