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∣∣∣∣−c1 − λ c1
c2 −c2 − λ

∣∣∣∣ = (−c1 − λ)(−c2 − λ)− c1c2 = λ2 + λ(c1 + c2) = λ(λ+ c1 + c2) = 0

{
λ1 = 0

λ2 = −c1 − c2
=⇒


A− λ1I =

[
−c1 c1

c2 −c2

]

A− λ2I =

[
c2 c1

c2 c1

] =⇒


v1 =

[
1

1

]

v2 =

[
c1

−c2

]
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c1 = c2 =
1

16
=⇒

{
λ0 = 0

λ1 = −1
8

=⇒


v0 =

[
1

1

]

v1 =

[
1

−1

]
{
x0(t) = (a0 + b0t)v0

x1(t) = (a1 cos
(

1
2
√
2
t
)
+ b1 sin

(
1

2
√
2
t
)
)v1

x(0) =

[
0
0

]
x′(0) =

[
v0
0

]
=⇒


a0 + a1 = 0

a0 − a1 = 0

b0 +
1

2
√
2
b1 = v0

b0 − 1
2
√
2
b1 = 0

=⇒


a0 = a1 = 0

b0 =
v0
2

b1 = v0
√
2

x(t) =
v0
2
t

[
1
1

]
+ v0

√
2 sin

(
1

2
√
2
t

)[
1
−1

]
= v0

t/2 +√
2 sin

(
1

2
√
2
t
)

t/2−
√
2 sin

(
1

2
√
2
t
)

x′(t) =
v0
2

1 + cos
(

1
2
√
2
t
)

1− cos
(

1
2
√
2
t
)

cos

(
1

2
√
2
t

)
= 1 =⇒ t1 = 2π

√
2 =⇒ x′(t1) =

[
0
v0

]
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[
75 0
0 1000

]
x′′ =

[
−4000 8000
8000 −116000

]
x

x′′ =

[
−2k

m 0

0 −kL2

2l

]
x

λ1 = −2k

m
and λ2 = −kL2

2l
=⇒ ω1 =

√
2k

m
and ω2 =

√
kL2

2l
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∣∣∣∣2− λ 1
1 2− λ

∣∣∣∣ = (2− λ)2 − 1 = λ2 − 4λ+ 3 = 0 =⇒ λ = 2± 1

λ1 = 1, v1 =

[
1
−1

]
, λ2 = 3, v2 =

[
1
1

]
∴ Φ(t) =

[
et e3t

−et e3t

]
Φ−1(t) =

1

2e4t

[
e3t −e3t

et et

]
=

1

2

[
e−t −e−t

e−3t e−3t

]
x(t) =

1

2

[
et e3t

−et e3t

] [
1 −1
1 1

] [
3
−2

]
=

1

2

[
et + e3t −et + e3t

−et + e3t et + e3t

] [
3
−2

]
=

1

2

[
5et + e3t

−5et + e3t

]
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x′(t) =

[
5 −4
2 −1

]
x(t)

(5− λ)(−1λ) + 8 = 0 =⇒

λ1 = 3,v1 =
[
2 1

]T
λ2 = 1,v2 =

[
1 1

]T
A =

[
2 1
1 1

] [
3 0
0 1

] [
1 −1
−1 2

]
eAt =

[
2 1
1 1

] [
e3t 0
0 et

] [
1 −1
−1 2

]
=

[
2e3t − et −2e3t + 2et

e3t − et −e3t + 2et

]

(3− λ)2 = 0 =⇒ λ = 3,v =

[
1
0

]
(A− 3I)2u =

[
0 0
0 0

]
u =

[
0
0

]
x1(t) =

[
e3t

0

]
, x2(t) =

[
4e3tt
e3t

]
=⇒ Φ(t) =

[
e3t 4te3t

0 e3t

]
Φ(0)−1 =

[
1 0
0 1

]
=⇒ eAt =

[
e3t 4te3t

0 e3t

]
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2

x′(t) =

[
1 −5
1 −1

]
x+

[
2 sin t
−3 cos t

]
xp(t) := a sin(t) + b cos(t) =

[
a1 sin(t) + b1 cos(t)
a2 sin(t) + b2 cos(t)

]
[
a1 cos(t)− b1 sin(t)
a2 cos(t)− b2 sin(t)

]
=

[
a1 sin (t) + b1 cos (t)− 5 (a2 sin (t) + b2 cos (t))
a1 sin (t) + b1 cos (t)− a2 sin (t)− b2 cos (t)

]
+

[
2 sin t
−3 cos t

]

4




a1 = b1 − 5b2 + 2

−b1 = a1 − 5a2 + 2

a2 = b1 − b2 − 3

−b2 = a1 − a2

=⇒

{
x(t) = 1

3(19 cos t)

y(t) = 1
3(5 cos t+ 5 sin t)

eAt =

[
−e−t + 7e5t 7e−t − 7e5t

−e−t + e5t 7e−t − e5t

]
=⇒ e−At =

1

36

[
7e−5t − et −7e−5t + et

−e−5t + et −e−5t + 7et

]
e−Atx(t) =

[
0
0

]
+

∫ t

0

1

36

[
7e−5s − es −7e−5s + es

−e−5s + es −e−5s + 7es

] [
60
90

]
ds =

1

36

∫ t

0

[
7e−5s − es −7e−5s + es

−e−5s + es −e−5s + 7es

] [
60
90

]
ds

=
1

36

[
30et + 42e−5t − 72

690et + 30e−5t − 720

]

x(t) =
1

36

[
−e−t + 7e5t 7e−t − 7e5t

−e−t + e5t 7e−t − e5t

] [
30et + 42e−5t − 72

690et + 30e−5t − 720

]
=

[
14e−6t+378e5t−414e−t−385e6t+407

3
14e−6t+54e5t−414e−t−55e6t+401

3

]

∴ x1(t) =
1

3

(
14e−6t + 378e5t − 414e−t − 385e6t + 407

)
x2(t) =

1

3

(
14e−6t + 54e5t − 414e−t − 55e6t + 401

)
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